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Several properties of a topological space related to the behavior of open coverings or to
the behavior of sequences of continuous real-valued functions deﬁned on the space were
recently studied. We modify some notions replacing continuous functions by lower or
upper semicontinuous ones and we show that some of so obtained notions coincide with
other (continuous case) notions.
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1. Introduction
Recently several properties of a topological space related to the convergence of sequences of real-valued functions and
some covering properties have been investigated. It turned out that some of them, originally introduced for essentially
different purposes, are equivalent. We recall some of most important results and then we shall study some modiﬁcations of
the considered notions.
Let X be a perfectly normal topological space with a countable base. Readers who feel more comfortable with separable
metric spaces may assume that all spaces have these properties. We can tacitly assume that X is inﬁnite since almost all
considered properties are trivial for ﬁnite spaces. We deal with real valued functions from X into the closed unit interval
〈0,1〉. “ fn → 0 on X” means that the sequence { fn}∞n=0 converges on X to 0 pointwise, i.e. for every x ∈ X the sequence
of reals { fn(x)}∞n=0 converges to 0. A sequence of such functions { fn}∞n=0 quasi-normally converges to f on a set X , written
fn
QN−−→ f on X , if there exists a sequence of positive reals εn → 0 (a control) such that
(∀x ∈ X) (∃k) (∀n > k) ∣∣ fn(x) − f (x)∣∣ εn.
A topological space X is a QN-space if every sequence of continuous functions converging to 0 on X converges quasi-
normally on X . A topological space X is a wQN-space if from every sequence of continuous functions converging to 0
on X one can choose a subsequence converging to 0 quasi-normally on X—see [3]. X has the sequence selection property,
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there exists a sequence {mn}∞n=0 such that fn,mn → 0 on X . Actually one can ask that the sequence {mn}∞n=0 is unbounded
or even increasing. The basic result is
Theorem 1 (M. Scheepers–D. Fremlin). A topological space X has the sequence selection property if and only if X is awQN-space.
M. Scheepers [11] proved the implication from left to right and D. Fremlin [5] proved the opposite implication.
We assume that the reader is familiar with the properties (α1)–(α4) introduced by A.V. Arkhangel’skiı˘ [1]. Cp(X) denotes
the set of all continuous real-valued functions deﬁned on X with the topology inherited from the product space XR. A se-
quence fn converges to f in this topology if and only if fn converges to f pointwise on X . One can easily show that a
topological space X has the sequence selection property if and only if Cp(X) has property (α2). Thus:
Corollary 2. X is awQN-space if and only if Cp(X) has property (α2).
Moreover:
Theorem 3. (See M. Scheepers [10].)
(1) Cp(X) has property (α2) if and only if Cp(X) has property (α4).
(2) If Cp(X) has property (α1) then X is a QN-space.
Theorem 4. (See M. Sakai [9] and L. Bukovský and J. Haleš [2].) If X is a QN-space then Cp(X) has property (α1).
Corollary 5. X is a QN-space if and only if Cp(X) has property (α1).
A family U ⊆ P(X) is a cover of X if X =⋃U and X /∈ U . An inﬁnite cover U is a γ -cover if every x ∈ X lies in all
but ﬁnitely many members of U . A γ -cover U is shrinkable, if there exists a closed γ -cover V that is a reﬁnement of U .
O(X), Γ (X), Γ co(X), and Γ sh(X) will denote the set of all countable open covers, countable open γ -covers, countable
clopen γ -covers, and countable open shrinkable γ -covers of X , respectively. Let A, B be families of covers of a topological
space X . The space X is a S1(A, B)-space if for every sequence {Un}∞n=0 of covers from A there exist sets Un ∈ Un such that{Un; n ∈ ω} ∈ B.
Theorem 6. (See M. Scheepers [11].) S1(Γ,Γ )-space is awQN-space.
Conjecture 1 (M. Scheepers). Perfectly normalwQN-space has property S1(Γ,Γ ).
By results of [2] and [9]
Theorem 7. Every perfectly normal QN-space is a S1(Γ,Γ )-space.
B. Tsaban and L. Zdomskyy [12] have realized that according to the result of A. Dow [4] saying that (α2) is equivalent to
(α1) in Laver’s model, we obtain
Theorem 8. In Laver’s model [8], a topological space X is a wQN-space if and only if X is a QN-space. Consequently, Scheepers
conjecture is consistent with ZFC.
Let us note that in [6] the authors essentially show
Theorem 9. If t = b, then there exists a S1(Γ,Γ )-subset of the Baire space ωω which is not a QN-space. Consequently, there exists
awQN which is not a QN-space.
However the following problem is still open.
Problem 1. Is the inequality S1(Γ,Γ ) = wQN consistent with ZFC?
The best known result toward the problem is the following:
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(a) X is awQN-space,
(b) X is a S1(Γ sh,Γ )-space,
(c) Ind(X) = 0 and X is a S1(Γ co,Γ )-space.
The equivalence of (a) and (b) is proved in [2], the equivalence of (a) and (c) is proved in [9] and essentially in [7].
Now we shall present some modiﬁcations of the introduced notions and corresponding results. Let us recall that a
function f : X → R is lower (upper) semicontinuous if for every real a the set {x ∈ X: f (x) > a} (the set {x ∈ X: f (x) < a})
is open. If in deﬁnitions of a wQN-space and SSP we replace continuous functions by lower or upper semicontinuous ones,
we obtain deﬁnitions of the notions which we shall call QN∗-space, wQN∗-space, SSP∗ or QN∗-space, wQN∗-space, SSP∗ ,
respectively. E.g. X is a wQN∗-space if from every sequence of lower semicontinuous functions converging to 0 on X one
can choose a subsequence converging quasi-normally to 0 on X .
Theorem 11. wQN∗ ≡ SSP∗ .
Proof. Let fn,m , n,m ∈ ω be lower semicontinuous, fn,m → 0 on X for every n. Set
gm(x) =
∞∑
n=0
min
{
2−n, fn,m(x)
}
.
Since
{
x ∈ X: gm(x) > a
}=⋃
k
{
x ∈ X:
k∑
n=0
min
{
2−n, fn,m(x)
}
> a
}
,
one can show that the function gm is lower semicontinuous and gm → 0 on X . Therefore there exists an increasing sequence
{mn}∞n=0 of natural numbers such that gmn QN−−→ 0 on X with the control {2−n}∞n=0. If gmn (x) < 2−n then
min
{
2−n, fn,mn (x)
}= fn,mn (x) < 2−n.
Hence fn,mn → 0 on X .
If fm → 0 on X are lower semicontinuous then 2n fm(x) → 0 for every n. By SSP∗ there exists an increasing sequence
{mn}∞n=0 such
2n fmn → 0 on X .
Then fmn
QN−−→ 0 on X with control {2−n}∞n=0. 
Theorem 12. SSP∗ → wQN∗ .
Proof is the same as the proof of SSP∗ → wQN∗ .
Problem 2. wQN∗ → SSP∗?
Theorem 13. S1(Γ,Γ ) ≡ SSP∗ .
Proof. Assume that fn,m are upper semicontinuous and fn,m → 0 on X for every ﬁxed n. We set
Un,m =
{
x ∈ X: 2n fn,m(x) < 1
}
.
Then every Un,m is open and we can assume that no Un,m is equal to the whole space X . Then {Un,m: m ∈ ω} is a γ -cover
for every ﬁxed n. By S1(Γ,Γ ) there exists a sequence {mn}∞n=0 such that {Un,mn : n ∈ ω} is a γ -cover. Moreover, we can
assume that {mn}∞n=0 is unbounded. Then fn,mn → 0 on X .
Assume now that {Un,m: m ∈ ω} is a γ -cover of X for every n ∈ ω. We set
fn,m(x) =
{
0 if x ∈ Un,m,
1 otherwise.
Then every fn,m is upper semicontinuous and fn,m → 0 on X for every ﬁxed n. By SSP∗ there exists an increasing sequence
{mn}∞n=0 such that fn,mn → 0 on X . One can easily see that {Un,mn : n ∈ ω} is a γ -cover of X . 
Theorem 14. wQN∗ → QN.
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gn(x) = sup
{
fm(x): m n
}
.
Then gn is a lower semicontinuous function on X for every n. Moreover, if fn → 0 on X then also gn → 0 on X . Since
X is a wQN∗-space, there exists an increasing sequence {nm}∞m=0 such that gnm QN−−→ 0 on X with control 2−m . Note that
fm(x) gn(x) for m n. If we set εk = 2−m for nm−1 < k nm , then fn QN−−→ 0 on X with control εn . 
B. Tsaban and L. Zdomskyy [12] have proved that X is a QN-space if and only if each sequence of Borel measurable
functions converging to 0 on X converges to 0 also quasi-normally. Since a lower or upper semicontinuous function is Borel
measurable we obtain
Corollary 15. QN = wQN∗ , QN = QN∗ = QN∗ .
By Theorems 7, 11–14 we obtain
Corollary 16. SSP∗ → SSP∗ , wQN∗ → wQN∗ .
By Theorems 8 and 9 the opposite implications are undecidable in ZFC.
We summarize our results in the following picture.
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So we can restrict our considerations to the following four notions:
QN → S1(Γ,Γ ) → wQN∗ → wQN.
By Theorem 8 in Laver’s model all those four notions are equal. By Theorem 9 ZFC is consistent with QN = S1(Γ,Γ ) and
therefore with QN = wQN.
Problem 3. Is any of the inequalities
S1(Γ,Γ ) = wQN∗, S1(Γ,Γ ) = wQN, wQN∗ = wQN
consistent with ZFC?
The author would like to thank Boaz Tsaban who carefully read and commented the ﬁrst draft of the paper and gave me
informations about the results of [12].
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